Quantum phase transitions (QPTs) in qubit systems are known to produce singularities in the entanglement, which could in turn be used to probe the QPT. Recent proposals have suggested that the QPT in a spin chain could be probed via the entanglement between external qubits coupled to the spin chain. Such experiments may be technically challenging, because the probe qubits are nonlocal. Here we show that a double quantum dot coupled locally to a spin chain provides an alternative and efficient probe of a QPT. To demonstrate this method in a simple geometry, we propose an experiment to observe a QPT in a triple quantum dot, based on the well-known singlet projection technique.
I. INTRODUCTION
Spin chains have been studied for many years because of their simple formulation, which enables analytical solutions, and their similarity to more complex quantum many-body systems. Recently, it has been possible to engineer fully tunable spin chains based on quantum dots with one or more electrons.
1 Such chains can be used as spin qubits for quantum computing, 2 as a spin bus whose ground state transmits quantum information over large distances, 3, 4 or to mediate interactions between nonlocal qubits. [5] [6] [7] [8] [9] In all these settings, the ability to mediate entanglement is paramount for incorporating spin chains into quantum devices.
Quantum phase transitions (QPTs) can have a strong effect on adiabatic operations involving the ground state of a spin chain. QPTs occur at energy level crossings as a function of external parameters, between ground states with very different physical properties. 10 In the critical regime where the two ground states are nearly degenerate, macroscopic observables such as two-qubit entanglement can exhibit non-analytic behavior. [11] [12] [13] [14] [15] [16] In finite-size systems, the phase transition is typically discontinuous, or first order; however, the underlying physics is essentially the same as in infinite systems.
From a quantum information perspective, QPTs may produce singularities in the entanglement, which could potentially enhance device operation. Alternately, we could view entanglement as a sensitive probe of the ground state, which could potentially enhance our understanding of QPTs. The singularities in question reflect the entanglement properties between the constituent spins in the chain, or between external qubits that are weakly coupled to the system. The latter approach was recently applied to XY -type spin chains, using nonlocal pairs of qubits to probe the QPT. [17] [18] [19] For this arrangement, strong enhancements of the entanglement between the probe qubits were observed near the critical points of the spin chain. In realistic quantum dots however, the spin couplings are not of the XY type, and nonlocal measurements can be rather challenging. 20 Because of its simplicity, a local probe could potentially be more effective. Unfortunately, the simplest type of measurement -mapping out the effective interaction between the spin chain and a weakly coupled qubit -does not exhibit unusual behavior near an energy level crossing. 8 It has been suggested that the time evolution of a coupled qubit could be used to probe a QPT 21, 22 via the Loshmidt echo. 23 This method has been successfully implemented using nuclear magnetic resonance (NMR).
24,25
Such dynamical methods are powerful, but they are still more challenging than simple projective measurements.
In this paper, we propose a local, projective scheme for detecting QPTs in a quantum dot spin chain. The chain undergoes successive QPTs as a function of the external magnetic field, as is described in Sec. II. We study two different external probes of the QPT. First, in Sec. III, we consider a nonlocal probe, consisting of two qubits weakly coupled to the chain at different locations, as depicted in Fig. 1(a) . We calculate the entanglement between the probe qubits numerically, using the concurrence measure C, 26 and we observe singularities when the spin chain undergoes a QPT. We also obtain analytical estimates for the entanglement using perturbation theory. Next, in Sec. IV, we consider a local probe, consisting of a double quantum dot coupled to a single node of the spin chain, as shown in Fig. 1(d) . We find that the ground state properties of the chain are imprinted onto the probe, and we investigate the concurrence singularities both numerically and analytically. Interestingly, we find that the probability P S for the probe qubits to form a singlet state echos the non-analytic response of the concurrence. This is significant because the singlet probability is relatively easy to measure, using the singlet projection technique common to spin qubit experiments. 27 In Sec. V we propose a simple experiment to test these concepts on the smallest possible spin system of size N = 1. This "chain" has a single energy level crossing as a function of magnetic field, and the ground state transition exhibits a non-analyticity consistent with a QPT. Our proposal involves a total of three quantum dots, and it is therefore within reach of current triple dot
J1c
Jc,Bc J2c technologies. [28] [29] [30] [31] A brief summary and conclusions are given in Sec. VI.
II. ENERGY LEVEL CROSSINGS IN THE SPIN CHAIN
We adopt an isotropic Heisenberg model of a spin chain, as appropriate for single-electron spins in quantum dots. The Hamiltonian for a chain of length N is given by
where s j are spin operators for the individual electrons in the chain. The bare exchange couplings between the spins are labeled J c , and the applied magnetic field is B c = B cẑ . Throughout this paper, we will adopt J c as the unit of energy. Magnetic fields will also be expressed in energy units. A graphical representation of the chain Hamiltonian is given by the lightly shaded circles in Figs. 1(a) and (d).
For now, we ignore any couplings to external qubits, and calculate the energy spectrum for H c as a function of B c . The results are shown in Figs. 2(a) and (b) for the cases N = 4 and 5. For the uniform field we consider here, energy levels are straight lines as functions of the external field due to the Zeeman energy. In this paper, we are most interested in the two lowest energy levels for a given value of B c , whose crossings are indicated by circles in Fig. 2 . Each level crossing is associated with a QPT in the finite-size spin chain, and the z component of the total spin changes by 1 at each critical point.
III. NONLOCAL PROBES
We now couple the spin chain to two external qubits, labelled 1 and 2 in Fig. 1 , which will serve as probes of the QPT. In this section, we consider only the nonlocal probe geometry shown in Fig. 1(a) , with the coupling Hamiltonian given by
Here, S 1 and S 2 are the spin operators for the probe qubits. The probes may be coupled to any node of the spin chain, with similar results. For definiteness here, we have attached them to the endpoints of the chain. When the probe couplings are turned on, the energy levels of the chain expand into energy manifolds. Our goal is to probe the QPT without disturbing it, so the manifold structure in Figs. 2(a) and (b) should remain largely undisturbed. This places constraints on the probe couplings. First, the bare coupling constants must be small, such that J 1c , J 2c J c . The magnetic field applied to the probe qubits should also be much smaller than J c , necessitating a magnetic field gradient between the qubits and the chain. For definiteness, we take the magnetic field on the probe qubits to be zero. Although large field gradients are difficult to achieve in the laboratory, we will focus on QPTs occurring at zero field, in an odd-size chain. For this case, the field gradient is small, and does not pose a serious experimental challenge.
The concurrence calculation is performed after first tracing out the spin-chain degrees of freedom from the full Hamiltonian, H = H c + H p , to obtain the reduced, bipartite density matrix for the probe qubits, ρ 12 . The concurrence is defined as
where
, and σ y is a Pauli spin matrix. Figures 2(c) and (d) show numerical results for the concurrence between the probe qubits, in the nonlocal coupling geometry. We see that the concurrence exhibits singularities which are correlated with the energy level crossings of the spin chain, as expected for QPTs. Away from the level crossings, the concurrence falls quickly to zero. The only exception to this regular behavior is observed near zero field for even-size chains, where the concurrence plateaus at its maximum value, C = 1. The corresponding concurrence between the probe qubits, when they are coupled in the nonlocal probe geometry of Fig. 1(a) . Here, C is dimensionless, and we take the coupling between the probe qubits and the spin chain to be J1c=J2c=0.02Jc. (See Fig. 1 .) The singular features of the concurrence occur at energy level crossings of the chain.
This interesting behavior can be understood intuitively by treating the probe qubits as a perturbation. It has previously been shown that when the bare qubitchain coupling is small, and when the chain is in its ground state, the interactions can be described by effective Hamiltonians. (These results were first obtained in [8] . Analytical expressions for the effective Hamiltonians, and a brief summary of the results, are provided in Appendix A.) Far away from a QPT, the system is noncritical and the effective Hamiltonian involves only the external spins:
as indicated graphically in Fig. 1(b) . Here, the bare coupling parameters J 1c and J 2c are hidden inside the effective coupling J 12 and the effective local fields B 1,2 . We note that the effective couplings are generally anisotropic, except in special cases, since the external field breaks the spin rotational symmetry. 8 If the qubit couplings are turned on adiabatically, the chain will remain in an inert, effective pseudospin-0 state. The effective coupling arises due to virtual excitations of the chain outside its groundstate manifold; it is therefore second order in the perturbation:
On the other hand, the effective fields emerge at first order:
We therefore generally find that B 1,2 J 12 in the noncritical regime. Hence, the external qubits align with the effective field to form a separable state, for which C 0. The only exception is the special case near B c = 0 for an even-size chain. Here B 1,2 = 0 due to the spin-singlet character of the chain ground state. Since J 12 = 0, it can generate maximal entanglement between the probe qubits, as shown in Fig. 2(c) .
The situation is very different near a QPT. In this case, the ground state of the chain is approximately two-fold degenerate and behaves as an effective pseudospin-1/2, as indicated in Fig. 1(c) . The effective Hamiltonian at the critical point then describes a simple three-body system:
Here, the spin operator S c acts on the the pseudospin-1/2 of the chain ground state. In contrast with the noncritical regime, the effective couplings are now first order in the perturbation:
is relatively large, H cp can mediate the entanglement between the two probe qubits, with the resulting value of the concurrence determined by the relative size of J 1c,2c compared to B 1,2 . The couplings J 1c,2c enhance entanglement while the fields B 1,2 suppress it.
We can take this analysis further for the QPT occurring at B c = 0 in an odd-size spin chain [e.g., the central peak in Fig. 2 (d) ]. In this case, the effective Hamiltonian has a much simpler, isotropic form, with J 1c = J 2c = J, B 1,2 =0, B c =B c , and
We can derive an expression for the concurrence between the probe qubits which shows the explicit form of the non-analyticity. Without loss of generality, we will only consider the case B c ≥ 0.
We must first determine the ground state of the full system. Since the spin operators S tot,z = S 1,z +S 2,z +S c,z and S
2 commute with the Hamiltonian (5), we can label the individual subspaces according to their quantum numbers. For the subspace with S tot,z = ±3/2 and S 12 = 1, the eigenstates are |S 1,z , S c,z , S 2,z = | ↑↑↑ and | ↓↓↓ , respectively. The eigenenergies are E ±3/2 = J/2 ∓ B c /2. For S tot,z = 1/2 and S 12 = 0, the eigenstate is (| ↑↑↓ − | ↓↑↑ )/ √ 2 and the eigenenergy is − B c /2. For S tot,z = 1/2 and S 12 = 1, the subspace is twodimensional; in the ordered basis {| ↑↓↑ , (| ↑↑↓ + | ↓↑↑ )/ √ 2} we have 
From Eq. (3), we then obtain
We see that the concurrence attains a maximum value of 1/3 at the critical point, 7 and decreases to zero as (J c /B c ) 2 , when B c > ∼ J c . The full-width-at-half-max of the peak is given by (−1 + 32/5) J 1.53 J.
We close this section by outlining an experimental procedure to observe concurrence peaks associated with QPTs in a spin chain. The spin system is prepared in its ground state, for example by thermalization or an adiabatic initialization procedure. Since the probe qubits are nonproximal, the concurrence measurement requires performing quantum state tomography of the two-qubit reduced density matrix. The full version of this technique involves 15 separate measurements of the two-qubit correlators {σ 1i σ 2j }, where σ 1i (σ 2j ) is a Pauli operator acting on qubit 1 (2), with i, j ∈ {I, X, Y, Z}.
32 (We exclude the trivial two-qubit identity operator.)
IV. LOCAL PROBES
The local probe geometry that we consider is shown in Fig. 1(d) . Here, one side of a double-quantum dot is attached to one node of the spin chain. The probe Hamiltonian is then given by
Using the methods described above, we can compute the concurrence between the spins in the probe double dot, obtaining the results shown in Fig. 3 for two different size chains. Similar to the nonlocal probe, the QPTs in the spin chain are imprinted onto the local probe in the form of concurrence singularities. In this case, the singularities are downward-pointing, rather than upwardpointing.
In Fig. 3 , we also show the overlap probability between the probe qubits and a singlet state. Similar to the concurrence, the singlet probability P S is determined by first obtaining the reduced density matrix for the two probe qubits ρ 12 , then computing
where |S = (| ↑↓ − | ↓↑ )/ √ 2 is the usual singlet state. In Fig. 3 , we see that singularities also arise in P S , which closely mirror those in C.
We can understand the main features in Fig. 3 by applying perturbation theory to the local probe geometry.
(Again, details are provided in Appendix A.) As before, we note that the chain is effectively inert away from a critical point. In this case, the noncritical effective Hamiltonian is given by
The entanglement between the probe qubits is determined by the interplay between J 12 which enhances the concurrence, and B 2 which suppresses it. The effective local field, B 2 = 0|s 1z |0 , depends only on the true spin of the ground state of the spin chain, |0 . In contrast with the pseudospin, which remains fixed at 0, the true spin increases by 1 in each successive noncritical region, as we move away from the value B c = 0. Accordingly, the concurrence is suppressed in discrete steps. Approaching a critical point, the chain becomes pseudospin-1/2, and the effective Hamiltonian takes the form
The singularities all have a downward-pointing "valley" shape, which can be explained by considering the B c =0 transition in Fig. 3(b) . In the non-critical region, B 2 = 0, while in the critical region, B 2 =0. (The latter is only true for the B c =0 transition.) This would normally lead to an upward-pointing singularity, since B 2 suppresses the entanglement. However, a second effective coupling ( J 2c ) emerges in the critical region, as indicated in Eq. (16), which reduces the entanglement between qubits 1 and 2 by sharing the entanglement with pseudospin c. Below, we show that the latter effect is always dominant, leading to valley-type singularities. We obtain exact, analytical solutions, focusing strictly on the B c =0 transitions in odd-size spin chains. We obtain results in three different regimes: (i) the special point B c = 0, (ii) the critical regime about this QPT, and (iii) the asymptotic, noncritical regime between B c = 0 and any nearby critical points. Numerical results over the entire range are shown in Fig. 4 , for chains of varying length.
(i) At the special point B c =0, we find that B c = B 2 =0, and the effective coupling J 2c is isotropic, yielding the effective Hamiltonian
Since C and P S are dimensionless quantities, at the point B c =0 they can only be functions of the dimensionless ratio γ = J 2c /J 12 . Since S 2 tot = (S 1 + S 2 + S c ) 2 and S tot,z = S 1,z + S 2,z + S c,z commute with the effective Hamiltonian, similar to the nonlocal probe case, we determine the ground state of Eq. (17) by solving it in each of the subspaces labelled by S tot and S tot,z . In this way, we obtain the ground state
where θ is defined in the range 0 ≤ θ ≤ π by
We can compute the concurrence and singlet probability for the two probe qubits. At the special point B c = 0, they are given by
(ii) It is possible to obtain exact results for C and P S in the critical regime about B c = 0, when |B c | > 0. The calculation is tedious but straightforward, as described in Appendix B. The result shows that the essential singularity for both C and P S is linear, as consistent with Fig. 4 . The analytical expressions for the slopes, on either side of B c = 0, are rather complicated however.
(iii) Far away from a critical point, Eq. (15) is valid, so C and P S can only be functions of the dimensionless ratio B 2 /J 12 . In this case, S tot,z commutes with the effective Hamiltonian, and we readily obtain the two eigenstates | ↑↑ , | ↓↓ , corresponding to S tot,z = ±1 with eigenvalues
In the subspace of S tot,z = 0, the Hamiltonian matrix in the basis {| ↑↓ , | ↓↑ } is given by
The lowest eigenvalue in this subspace is E 0 = −J 12 /4 − J 2 12 + B 2 2 2 and the eigenstate is |Ψ 0 = cos
We can easily verify that |Ψ 0 is the ground state for any value of B 2 We can now obtain expressions for the concurrence and singlet probability. In Appendix A, we show that B 2 /J 12 = J 2c /2J 12 = γ/2 for the B c = 0 transition, which leads to simplifications in the expressions:
In the limit of large chain size, N 1, we have previously shown 6, 33 that γ ∼ N −1/2 → 0. Hence, C and P S approach the constant value of 1.
To conclude this section, we note that the results described above can be used to compute the depth of the valleys in C and P S . Here, we define the valley depth as the difference between the asymptotic limits, for large and small values of |B c |. We again consider the limit N 1 and γ → 0 in Eqs. (21), (22), (26) , and (27) , finding that the C and P S valley depths approach zero quickly, as γ 2 /8 ∼ 1/N . Hence, the singularity is suppressed, as consistent with the numerical results shown in Fig. 4 .
V. TRIPLE-DOT EXPERIMENT
We now propose an experiment to investigate the QPT in the opposite limit, N = 1. We consider the triple quantum dot geometry shown in the inset of Fig. 5(a) . For simplicity, we assume the dots are singly occupied. The double quantum dot (on the left) is used to probe a spin "chain" of length 1 (on the right), whose ground state properties change dramatically as a function of the applied field B c at the transition point B c = 0. The field is applied only to spin c, necessitating a gradient scheme to cancel out the field on the probe dots. (See further discussion of this point below.) The experiment proceeds by first preparing the triple dot in its ground state. We then turn off the exchange coupling to dot c and detune the probe double dot, so that the electron in dot 2 moves to dot 1 only when the probe is in a singlet state, due to the large singlet-triplet energy splitting for two electrons in a single dot. 27 The singlet probability can then be monitored using charge sensing, via a nearby charge sensor.
For the case N = 1, it can be shown that B 2 = ±J 2c /2 in Eq. (15) . We can then determine the depth of the C and P S valleys, as well as their widths, as a function of the ratio γ = J 2c /J 12 , as shown in Fig. 5 . Generally, we see that applied fields of order B c ∼ J 12 are needed, to observe the QPT. Since quantum dot exchange couplings are typically of order µeV, the magnetic field differences between the quantum dots needed in this experiment are of order 10 mT, which is relatively easy to achieve in the laboratory.
34
The proposed triple-dot QPT experiment will be affected by decoherence. However, after initializing the ground state, the protocol involves just two quick operations: turning off the interaction between dots 2 and c, and performing the singlet projection. Both of these operations have been performed successfully in double dot experiments. 27 The same is expected to be true here, and we do not further explore effects directly related to decoherence.
Thermal effects play another role however, through a mechanism unrelated to decoherence. During the initialization process, the triple dot is supposed to relax into its ground state. At non-zero temperatures, k B T < ∼ J 12 , J 2c , there will be a population of excited spin states, in addition to the ground state. Since the QPT is associated specifically with the ground state, the net effect is to wash out singularity.
To explore this effect, we can introduce a thermal pop- ulation of initial states of the three-spin Hamiltonian. For the full set of eigenstates {|Ψ α }, with the corresponding eigenvalues E α , the distribution probabilities are given by
Here,
is the classical partition function. The initial mixed state is then described by the density matrix
Proceeding as usual, we compute the reduced density matrix for the probe qubits, ρ 12 , and calculate the singlet projection P S . The results are shown in Fig. 6(a) . At low temperatures, the singlet composition is nearly the same as zero temperature. As the temperature increases, the asymptotic (large |B c |) value of the singlet probability decreases, and the depth of the valley is reduced. The QPT singularity is still evident for temperatures of order of the exchange interactions, k B T ∼ J 12 , J 2c . At high temperatures however, P S approaches the limiting value of 1/4, and the valley disappears.
Other types of control errors can arise in the proposed triple dot experiment. For example, it may be difficult to tailor the magnetic fields such that B c is tunable, while B 1 and B 2 remain constant, and equal to zero. For typical quantum dots, the exchange interactions are of order J 12 , J 2c ∼ 1-10 µeV;
27,35 the experiment therefore requires magnetic fields of order B c ∼ 10 mT. Field differences greater than 10 mT can be attained on closely space quantum dots, 34 so the proposed range of magnetic fields is not unreasonable. If we incorporate two current-carrying wires near the spin chain, it should be possible to tune B c while keeping B 1 =0. However, it is more challenging to simultaneously enforce zero field on both quantum dots, 1 and 2.
We now repeat our numerical calculations of P S , assuming that B c is tunable, while B 1 = 0 and B 2 = δ B B c . In other words, we assume that an unwanted field arises on qubit 2 due to magnetic crosstalk, with a proportionality constant δ B < 1 that is fixed, and depends only on the experimental geometry. The results of our calculation are shown in Fig. 6(b) . Several changes in behavior are observed when B 2 = 0. First, we see that the singlet probability is nearly unaffected when B c is very small. It then peaks at a value of 1, and finally falls below the (solid black) B 2 = 0 curve at higher fields.
The fact that the valley in P S is nearly unaffected for very small B c values is easy to understand. In this range, B 2 is also very small, so the exchange interaction is the dominant term for determining the ground state. The same is true when B 2 = 0; hence P S is unaffected.
The fact that P S peaks at 1 is also easy to understand. We have previously noted that qubit 2 experiences an effective magnetic field B 2 due to the exchange interaction. B 2 =0 close to the critical point B c =0, but away from the critical point, this effective field points in the opposite direction of the physical field. For some value of B c , the two fields can cancel each other. This cancellation occurs in the noncritical regime unless δ B is too large. The effective system is then simply exchange-coupled double-dot probe in effectively zero magnetic field. Therefore the ground state corresponds precisely to the singlet state of the probe. As consistent with Fig. 6(b) , the value of B c needed for this cancellation decreases, for larger values of δ B . Since the maximum value of P S increases to 1 in this scenario, it seems that small local variations in the magnetic field could actually make it easier to observe a QPT.
VI. SUMMARY AND CONCLUSIONS
In summary, we have shown that QPTs in a quantum dot spin chain cause non-analytic behavior in the entanglement between external qubits, in the form of local or nonlocal probes, and we have argued that there are important practical benefits for using a local probe. Based on our analysis of the local probe, we have proposed an experiment to observe a QPT in a single quantum dot spin, where the ground state changes character abruptly as a function of magnetic field. The experiment uses a triple quantum dot, and we have shown that the requirements are realistic, even taking into account finite temperature and local field fluctuations.
We have found that QPTs can be observed in other types of spin chains (e.g., XY ) using a local probe, although we do not describe those results here. We therefore believe that the local probe could be very useful for investigating entanglement in many quantum dot geome-tries, because of the practicality of performing singlet projection measurements.
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